We have obtained general expressions for quasi-static internal deformation fields due to a dislocation source in a multilayered elastic/viscoelastic half-space under gravity by applying the correspondence principle of linear viscoelasticity to the associated elastic solution (Fukahata & Matsu'ura 2005) . The use of the upgoing propagator matrix for the region below the source and the downgoing propagator matrix for the region above the source in the derivation of mathematical expressions guarantees the numerical stability of the obtained viscoelastic solution over the whole region. The viscoelastic deformation fields due to a dislocation source tend to a certain steady state with the progress of viscoelastic stress relaxation. The completely relaxed viscoelastic solution can be directly obtained from the associated elastic solution by taking the rigidity of the elastic layer corresponding to a Maxwell viscoelastic layer to be zero. We gave an explicit mathematical proof of this theoretical relationship, which we named the equivalence theorem, on the basis of the correspondence principle of linear viscoelasticity and the limiting value theorem of the Laplace transform. The equivalence theorem is applicable not only to the elastic-viscoelastic stratified medium but also to general elastic and linear-viscoelastic composite media. As numerical examples we show the quasi-static internal displacement fields due to strike-slip motion on a vertical fault and dip-slip motion on a subduction plate boundary in an elastic surface layer overlying a viscoelastic half-space. The temporal variation of the computed deformation fields shows that the effective relaxation time of the elastic-viscoelastic system is much longer than the Maxwell relaxation time defined by the ratio of viscosity to rigidity in the viscoelastic layer.
of internal deformation fields due to fault slip is also needed in estimating pressure-temperature-time paths and modelling thermal structure evolution at plate convergence zones (England & Thompson 1984; Barr & Dahlen 1989; Fukahata & Matsu'ura 2000) .
Extending the formulation of Matsu'ura et al. (1981) , Matsu'ura & Sato (1997) have obtained expressions for internal deformation fields due to strike-slip motion on a vertical fault in an elastic layer overlying a viscoelastic half-space. Their expressions are, however, numerically unstable below the source depth, because they used only the downgoing propagator matrix in the derivation of the internal deformation fields (Fukahata & Matsu'ura 2005) . Using both the upgoing and the downgoing propagator matrices and extending the formulation of Pan (1989) , Pan (1997) derived a numerically stable solution of internal deformation for a layered transversely isotropic elastic medium. Recently, introducing the generalized propagator matrix, Fukahata & Matsu'ura (2005) have illuminated the relationship between the upgoing algorithm proposed by Singh (1970) and the downgoing algorithm proposed by Sato (1971) , and obtained the complete expressions for internal deformation fields due to a dislocation source in a multilayered elastic half-space. That is, they have completely solved the numerical instability problem at large wavenumber (e.g. Singh 1970; Jovanovich et al. 1974; Rundle 1978 Rundle , 1982 Ma & Kusznir 1992; Matsu'ura & Sato 1997) . In general, the viscoelastic solution can be obtained from the associated elastic solution by applying the correspondence principle of linear viscoelasticity (Lee 1955; Radok 1957) . In the present study, we apply the correspondence principle to the elastic solution derived by Fukahata & Matsu'ura (2005) , and obtain general expressions for quasi-static internal deformation fields due to a dislocation source in a multilayered elastic/viscoelastic half-space under gravity.
The quasi-static deformation fields due to a dislocation source tend to a certain steady state with the progress of viscoelastic stress relaxation. In some problems we are not interested in the process of stress relaxation, but in the steady state after complete relaxation. From consideration of the constitutive equations, Cohen (1980a,b) has derived effective reduced elastic moduli at completely relaxed states. By using the effective reduced moduli he obtained the surface deformation fields due to a strike slip after the completion of stress relaxation directly from the associated elastic solution. Following Cohen's idea, Ma & Kusznir (1994a,b) computed internal deformation fields after the complete relaxation of the viscoelastic substratum by taking the rigidity of elastic substratum to be very small in the associated elastic solution. For vertical surface displacements due to a pure dip-slip, Ma & Kusznir (1995) have numerically confirmed that the deformation fields obtained from the associated elastic solution by this approach almost coincides with those calculated from the viscoelastic solution by taking the time t to be infinity. In the present paper we prove the mathematical equivalence between the completely relaxed viscoelastic solution and the associated elastic solution with the corresponding elastic layer having zero rigidity, on the basis of the correspondence principle of linear viscoelasticity and the limiting value theorem of the Laplace transform.
MATHEM AT I C A L F O R M U L AT I O N
We consider n-1 parallel layers overlying a half-space. Every layer and interface is numbered in ascending order from the free surface as shown in Fig. 1(a) . The jth layer is bounded by the (j-1)th and jth interfaces. The depth of the jth interface is denoted by H j , and the thickness of the jth layer by h j = H j − H j−1 . Each parallel layer is homogeneous, isotropic, and elastic or viscoelastic. The rheological property of the viscoelastic layers is assumed to be Maxwell in shear and elastic in bulk. Then, we may write the constitutive equations for elastic layers as
and for viscoelastic layers aṡ
where σ i j and ε i j are the stress and strain tensors, respectively, λ l and µ l denote the Lamé elastic constants in the lth layer, η l is the viscosity in the lth layer, and the dot means differentiation with respect to time. Here, it should be noted that the Laplace transform of eq. (2) yields
witĥ
and
where K l is the bulk modulus in the lth layer, s is the Laplace transform variable, and the tilde denotes the Laplace transform of the corresponding physical quantity. From comparison of eqs (1) and (3), we can see that the Laplace transform of the constitutive equation for the viscoelastic medium is formally identical with that for the elastic medium, except that the Lamé constants are replaced by the s-dependent moduliλ l (s) andμ l (s). First, we consider an elastic problem associated with the viscoelastic problem, where each viscoelastic layer is replaced by a perfectly elastic layer with the corresponding elastic constants. According to the correspondence principle of linear viscoelasticity (Lee 1955; Radok 1957) , the Laplace transform of the viscoelastic solution is directly obtained from the associated elastic solution by replacing the source time function with its Laplace transform and the elastic constants, λ l and µ l , of the layers corresponding to the viscoelastic layers with the s-dependent moduli,λ l (s) andμ l (s), respectively. Operation of the inverse Laplace transform on the s-dependent solution yields the viscoelastic solution in the time domain. 
The associated elastic solutions
We consider the associated elastic problem in which each viscoelastic layer is replaced by a perfectly elastic layer with the corresponding elastic constants. Then, the complete solution of the associated elastic problem is given in Fukahata & Matsu'ura (2005) . In their expressions for the internal elastic deformation fields, the elastic constants µ l and γ l are used instead of λ l and µ l , where γ l is defined by
In the following part of this section we explicitly describe the dependence of the physical quantities on the elastic constants, µ l and γ l , for convenience of the derivation of the viscoelastic solution.
We take a cylindrical coordinate system (r, ϕ, z) as shown in Fig. 1(b) . The positive z-axis is taken as directed into the medium. A tangential displacement discontinuity (dislocation) uH(t) occurs over a unit infinitesimal area at (0, 0, d) in the mth layer (1 ≤ m ≤ n) with a dip angle θ and a slip angle χ . Here, H(t) denotes a unit step function. Then, the elastic displacement components u
Viscoelastic solution
According to the correspondence principle, we can directly obtain the Laplace transform of the viscoelastic displacement components u i (i = r, ϕ, z) and stress componentsσ zi (i = r, ϕ, z) by replacing H(t) with 1/s and µ l and γ l corresponding to the viscoelastic layers withμ l (s) andγ l (s) in eqs (7) and (8):
where
Here, we assumed the jth layer to be elastic. 
with a
Here, it should be noted that Y E k does not depend onγ l in reality, and so the degree M of the polynomials for Y E k is different from that for Y E k . When the source is located in the elastic surface layer overlying a viscoelastic half-space, for example, the degree Mof the polynomial is three for Y E k and one for Y E k . Given the explicit expressions for the rational functions, we can obtain the viscoelastic solution in the time domain by using the algorithm developed by Matsu'ura et al. (1981) ; that is, with division algorithm and partial fraction resolution, we can rewrite eq. (16) as
and d i are the roots of the algebraic equation 
Finally, replacingỸ (14) and (15) with Y ( ) k (z, t; j) in eq. (23), we obtain the viscoelastic displacement components u i (i = r , ϕ, z) and stress components σ zi (i = r , ϕ, z) in the time domain. When the jth layer is viscoelastic, we must also replace µ j in eq. (15) withμ j . In this case we can obtain the expressions for stress components σ zi (i = r , ϕ, z) in the time domain with additional partial fraction resolution.
From eq. (23) we can see that the viscoelastic solution consists of the instantaneous elastic deformation due to a dislocation source (the first term), and the viscoelastic transient deformation decaying with time (the second term). Here, it should be noted that the real negative roots d i have strong wavenumber dependence , and so the viscoelastic transient deformation is expressed by the superposition of Mmodes with different wavenumber-dependent decay time functions. On the other hand, the completely relaxed viscoelastic solution
Derivation of the rational functions
In this subsection we give the algorithm to derive the explicit expressions for eq. (19) . If the substratum is viscoelastic, using eq. (17), we can rewrite eq. (12) as
otherwise
Then, in order to obtain the expressions for Y 
As shown in the Appendix, both the numerator and the denominator of S ( ) jm (z;µ l , γ l ) in the associated elastic solution are defined by the products of the matrices with the elements including the elastic constants, µ l or γ l , which are replaced by the corresponding s-dependent moduli in the viscoelastic solution. The formal expressions for the s-dependent matrices appearing in the numerator or denominator of S ( )
with
if the viscoelastic layer intervenes between elastic layers. When the viscoelastic layer is adjacent to another viscoelastic layer, eqs (29) and (30) should be replaced by
In addition to these, if the source is located in the viscoelastic layer, the following s-dependent matrix appears in the numerator of S jm (z;μ l ,γ l ):
If the substratum is viscoelastic, we use
The explicit expressions for F, D ( ) , ∆ and E are given in the Appendix. Here, it should be noted that all the s-dependent matrices in eqs (28)- (30) and (32)- (34) have the form of a rational function of first-degree polynomials in s. The product of two polynomials can generally be calculated with the following rule:
Here, a (i) and b (i) may be vectors or matrices. Therefore, applying the rule in eq. (35) to the numerator and to the denominator of S ( ) jm (z;μ l ,γ l ) repeatedly, we can obtain the expressions for S ( ) jm (z;μ l ,γ l ) in the form of eq. (27).
EQUIVA L E N C E T H E O R E M
The quasi-static deformation field due to a dislocation source tends to a certain steady state with the progress of stress relaxation in viscoelastic layers. In some problems we are not interested in the process of stress relaxation, but in the steady state after complete relaxation. In this section we show that the completely relaxed viscoelastic solution can be obtained directly from the associated elastic solution without passing through the complicated viscoelastic calculation described in the previous section.
With the limiting value theorem of the Laplace transform we can directly evaluate the ultimate displacement field u i at t → ∞ from the viscoelastic solutionũ i in the s-domain as
On the basis of the correspondence principle, as shown in eqs (7), (14) and (16), we can express the viscoelastic step response in the s-domain in terms of the associated elastic response as
Here, we assumed that only one layer is viscoelastic, for simplicity. Substituting eq. (39) into eq. (38), we obtain
Using the explicit expressions forμ l (s) in eq. (4) andγ l (s) in eq. (17), we can obtain the limiting values of the s-dependent moduliμ l (s) and
Then, we may rewrite eq. (40) as
In the same way, we can obtain the following parallel relations for stress and strain components:
Based on eq. (24), we can confirm the validity of eqs (42)-(44) from the direct calculation described in the previous section.
Eqs (42)- (44) mean that the viscoelastic step response at t → ∞ is mathematically equivalent to the associated elastic response with µ l → 0 and γ l = 1. In other words, the viscoelastic medium cannot support any deviatoric stress at t → ∞. Here, we should note that the completely relaxed solution does not depend on the value of viscosity, which just controls the speed of viscous relaxation. Hereafter, we refer to the theoretical relation described by eqs (42)- (44) as the 'equivalence theorem' in linear viscoelastic problems.
If we take the elastic constants (µ l , K l ) or (µ l , λ l ) instead of (µ l , γ l ) to express the deformation fields, we obtain other expressions for the equivalence theorem. Denoting the viscoelastic step response by q(t; µ l , K l ) or q (t; µ l , λ l ) and the associated elastic response by q E (t; Figure 2. Coseismic vertical (left) and horizontal (right) surface displacements due to unit (1 m) left-lateral strike-slip displacement on a vertical fault in an elastic surface layer overlying a viscoelastic half-space. The fault length is taken to be 100 km (x = −50 to 50 km), and the fault width to be 30 km (z = 0 to 30 km), which is the same as the thickness of the elastic surface layer. The structural parameters are given in Table 1 . The contour interval of the vertical displacement is 10 mm, and the uplift is taken to be positive. 
Here, we used
When the half-space contains more than one Maxwell viscoelastic layer with different viscosities, we need to pay special attention to taking the limit µ l → 0, because the relaxation speed in each layer depends on its viscosity. As an example, let's consider a half-space with two Maxwell viscoelastic layers, (µ i , K i , η i ) and (µ j , K j , η j ). In this case the equivalence theorem is expressed as
but the limit µ i → 0 and µ j → 0 must be taken under the following condition:
Thus, the completely relaxed viscoelastic solution depends on the ratio of viscosities η i /η j . In the present study we assumed Maxwell viscoelasticity. When a medium has isotropic linear viscoelasticity, we can express the equivalence theorem as
Here,μ l (s) andK l (s) are the Laplace operators for the linear viscoelastic medium considered. In the derivation of the equivalence theorem, we only used the correspondence principle of linear viscoelasticity, the limiting value theorem of the Laplace transform, and the constitutive equations of viscoelastic media. Therefore, we may apply the equivalence theorem not only to the stratified elastic-viscoelastic medium but also to general elastic and linear-viscoelastic composite media. Incidentally, we can regard the equivalence theorem as a particular case of the Tauberian theorem for the Laplace transform.
NUME R I C A L E X A M P L E S
On the basis of the mathematical expressions derived in Section 2, we developed a computer program to calculate the internal viscoelastic deformation fields due to faulting. In order to obtain the deformation fields due to a finite-dimensional fault, we numerically integrate the solutions for point dislocation sources over a fault surface. Usually it is not difficult to obtain results around the accuracy of 1 per cent, in comparison with the analytical solution for an elastic half-space. Our semi-analytical solution has singular points at the depth z = d. From . Temporal change of the viscoelastic displacement field due to uniform (1 m) dip-slip displacement at t = 0 on a curved plate interface that divides the layered elastic-viscoelastic half-space into two blocks. The structural parameters are given in Table 1 . The plate interface, indicated by the thin solid line in each diagram, extends to a depth of 600 km and infinitely in the direction parallel to its strike without changing the geometry. In each diagram the centre of mass of the total system is taken as the fixed point to measure the displacements. the continuity condition of displacement and stress, however, we obtain
except for the points on the dislocation source itself, and so we can avoid the singularity problem by substituting z = d + ε for z = d in the computation of deformation fields, where ε represents a small value. In the following part of this section we show some numerical examples obtained by the computer program. If our interest is limited to the completely relaxed solution, we can use the elastic solution (Fukahata & Matsu'ura 2005) instead of the viscoelastic solution, owing to the equivalence theorem. First, we consider the case of unit (1 m) strike-slip motion on a vertical fault in an elastic surface layer overlying a viscoelastic half-space. The fault length is taken to be 100 km (x = −50 to 50 km), and the fault width to be 30 km (z = 0 to 30 km), which is the same as the thickness of the elastic surface layer. The values of the structural parameters used for the computation are given in Table 1 . In Fig. 2 we show the vertical (left) and horizontal (right) surface displacements at t = 0. Here, the contour interval of the vertical displacement is 10 mm, and the uplift is taken to be positive. In the case of vertical strike slip, as can be seen from Fig. 2 , the displacement fields at any depth z have good symmetry about the point (0, 0, z). So, in Figs 3 and 4 , we show the displacement fields only in the fourth quadrant. The variation of the coseismic displacement fields with depth is shown in Fig. 3 . We can see from Fig. 3 that the coseismic displacement rapidly decreases with depth. In Fig. 4 we show the displacement fields at t = ∞. Based on the equivalence theorem, we can calculate the same displacement field as in Fig. 4 with the computer program for elastic displacements by replacing only the value of S-wave velocity in the substratum with a very small value. The displacements at t = ∞ in Fig. 4 are much larger than the displacements at t = 0 in Fig. 3 particularly in the far field. This is the effect of stress relaxation in the viscoelastic substratum. Furthermore, we should note that the pattern of horizontal components (right column) at t = ∞ does not change within the elastic surface layer (z = 0 to 30 km), while the vertical components (left column) show a symmetric pattern with respect to the horizontal plane at z = 15 km. These features of the displacement field at t = ∞ can be intuitively understood from the equivalence theorem; that is, after the completion of stress relaxation in the viscoelastic substratum, the surface layer behaves just like an elastic plate floating on water, because the viscoelastic substratum cannot support any deviatoric stress at t = ∞.
In Fig. 5 we show the temporal variation of fault-parallel displacements on the y-axis at t/τ = 0, 1, 10 and 100. Here, τ is the Maxwell relaxation time of the viscoelastic substratum, defined by eq. (5). From Fig. 5 we can see that rapid variation of fault-parallel displacements occurs during the period from t/τ = 1 to 10. The displacement profile at t/τ = 100 is almost identical to that at t = ∞ (they look the same on the graph).
The next numerical example is the internal displacement field due to mechanical interaction at a subduction-zone plate interface. As demonstrated in a series of papers by Matsu'ura and his coworkers (Matsu'ura & Sato 1989 , 1997 Sato & Matsu'ura 1988 Hashimoto & Matsu'ura 2000 , 2002 Takada & Matsu'ura 2004) , we can rationally represent mechanical interaction at a plate interface by the increase of tangential displacement discontinuity (fault slip) across it. So, in computation, we consider the case of uniform (1 m) dip-slip motion at t = 0 on a curved plate interface that divides the layered elastic-viscoelastic half-space into two blocks. Here, we use the same structural parameters as given in Table 1 . In Fig. 6 we show the temporal change of the viscoelastic internal displacement field from t = 0 to ∞ together with the geometry of the plate interface (thin solid line in each diagram). Here, the curved plate interface extends to a depth of 600 km and infinitely A point distant from the plate interface on the hangingwall side is taken as the fixed point to measure the displacements. The geometry of the plate interface is as in Fig. 6 , and the structural parameters are given in Table 1 in the direction parallel to its strike without changing the geometry. In such a case we can use the solution for a line source instead of that for a point source. The explicit expressions for a line dislocation source can be directly obtained from those for a point dislocation source by replacing the z-independent vectors, J and J , in eq. (9) with the corresponding vectors, b x , b y and b z , in eq. (63) of Fukahata & Matsu'ura (2005) . The displacement fields at t = 0 and τ (the first two diagrams of Fig. 6) show a large uplift of the hangingwall block and a small subsidence of the footwall block. On the other hand, the displacement fields at t = 100τ and ∞ (the last two diagrams) are characterized by a horizontal convergence of the two blocks. The transition from the first instantaneous elastic response to the ultimate viscoelastic response, caused by the stress relaxation in the viscoelastic substratum under gravity, are shown in the middle two diagrams (t = 10τ and 30τ ). Here, it should be noted that the centre of mass of the total system does not move in this computation except for the effect of gravity, and so we take it as the fixed point to measure the displacements.
In Fig. 7(a) we show the internal displacement field at t = ∞ again, but taking a point distant from the plate interface on the hangingwall side as the fixed point. In this more familiar representation, the displacements of the hangingwall block become very small, but not completely zero. In order to see the deformation field of the hangingwall block we magnify the displacement vectors 20 times in Fig. 7(b) . The displacement fields in Fig. 7 are the completely relaxed viscoelastic response to a unit step slip over the whole plate interface. As demonstrated by Matsu'ura & Sato (1989) and Sato & Matsu'ura (1993) on the basis of the method of hereditary integral, however, the completely relaxed viscoelastic step-response gives the deformation rate due to a steady slip for sufficiently large time (t τ ). That is to say, we can read the displacement fields at t = ∞ in Fig. 7 as the long-term velocity fields due to a steady slip over the whole plate interface. From Fig. 7(a) we can see that the steady subduction of an oceanic plate is realized by giving the steady increase of tangential displacement discontinuity across the plate interface. From Fig. 7(b) , on the other hand, we can see that the steady plate subduction brings about the steady subsidence of ocean trenches and the steady uplift of island arcs (Sato & Matsu'ura 1988 , 1993 . Furthermore, the steady uplift of island arcs induces upward motion in mantle wedges. In actual situations, however, such upward motion may largely be affected by thermal convection in mantle wedges.
DISC U S S I O N A N D C O N C L U S I O N S
We obtained general expressions for quasi-static internal deformation fields due to a dislocation source in a multilayered elastic/viscoelastic half-space under gravity by applying the correspondence principle of linear viscoelasticity to the associated elastic solution derived by Fukahata & Matsu'ura (2005) . The difficulty in obtaining the viscoelastic solution in the time domain is to perform the inverse Laplace transform for the s-dependent solution. For example, Rundle and his colleagues (Rundle 1978 (Rundle , 1982 Yu et al. 1996; Fernández et al. 1996) have introduced an approximation technique to perform the inverse Laplace transform. In the present study we developed a systematic approach to the inverse Laplace transform without approximation by repeatedly applying the rule of the product of two polynomials together with the algorithm developed by Matsu'ura et al. (1981) .
The viscoelastic step response at t = ∞ is equivalent to the associated elastic response obtained by taking the rigidity of the elastic medium corresponding to a Maxwell viscoelastic layer or substratum to be zero. In Section 3 we gave an explicit mathematical proof of this theoretical relationship, named the 'equivalence theorem' in linear viscoelastic problems, on the basis of the correspondence principle of linear viscoelasticity and the limiting value theorem of the Laplace transform. The equivalence theorem is applicable not only to the stratified elasticviscoelastic medium but also to general elastic and linear-viscoelastic composite media. Owing to the equivalence theorem, we can obtain the completely relaxed viscoelastic solution directly from the associated elastic solution without passing through the complicated viscoelastic calculation. Furthermore, the equivalence theorem enables us to check the complicated computation code for viscoelastic deformation not only at t = 0 (elastic solution) but also at t = ∞ by using a simple code for elastic deformation.
The inherent stress relaxation time of a viscoelastic medium is given by the Maxwell relaxation time τ , defined in eq. (5). As shown through the numerical computations in Section 4, however, the effective stress relaxation time of the elastic-viscoelastic total system is much longer than the Maxwell relaxation time τ . If we take the viscosity of the viscoelastic substratum to be 10 19 Pa s, the Maxwell relaxation time τ is about 5 yr, but the effective stress relaxation time of the total system can be 100 yr or more.
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Here, P ij , P ij ,P ij andP ij are the ij elements of the matrices P, P ,P andP , and Q 
and the other matrices are defined as follows: 
G(µ 1 ) =
